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The unconventional magnetic orderings found in Kitaev spin liquid candidates suggest frustration
of spin interactions, and raise a possibility of nearby spin liquid phases. In particular, counter-
rotating spiral ordering in three-dimensional (3D) iridates is striking, and understanding the mi-
croscopic mechanism of such ordering may provide routes to 3D Kitaev spin liquids. We study a
minimal 3D model including Kitaev K and a symmetric off-diagonal bond-dependent Γ interaction
on the hyperhoneycomb lattice using exact diagonalization. We first show that a 12-site unitary
transformation unveils a Heisenberg model with hidden SU(2) symmetry when K = Γ. The magnetic
ordering in the transformed basis then generically maps to the counter-rotating noncoplanar spiral
order of the original spin. The moment direction depends on perturbations away from the SU(2)
point. When K and Γ are negative, a positive Heisenberg interaction favors the (110)-direction
reported in the neutron scattering measurement on β-Li2IrO3. Our findings offer a relevant set of
microscopic parameters, which in turn guides a way to approach possible Kitaev spin liquids.
I. INTRODUCTION
Quantum spin liquids are one of most fascinating novel
phases of matter, possessing topological order and frac-
tionalized excitations.1,2 Since the Heisenberg interaction
favors either antiferromagnetic or ferromagnetic ordering
on a bipartite lattice, it was suggested that geometrical
frustration, such as on the Kagome lattice, is required to
achieve a spin liquid phase. Kitaev found that bond depen-
dent interactions are another route to introduce spin frus-
tration and constructed an exactly solvable Z2 spin liquid
model on the two-dimensional honeycomb lattice.3 How-
ever it was not clear how to generate such a bond depen-
dent interaction in solid-state materials. Jackeli and Khal-
iullin showed that strong spin-orbit coupling together with
strong electronic interactions leads to such an interaction
on honeycomb lattices with edge sharing octahedra.4
Since then, there has been an active search for Kitaev
spin liquid candidates. So far they include two-dimensional
(2D) layered honeycomb iridates5,6, α-RuCl3
7,8, and
three-dimensional (3D) hyper- and harmonic-honeycomb
iridates9,10. At low temperatures, these candidates order
magnetically instead of becoming spin liquids, but the mag-
netic ordering patterns are unconventional. Na2IrO3
11–13
and α-RuCl3
14 exhibit a zig-zag ordering, while Li2IrO3
and 3D iridates display an incommensurate counter-
rotating spiral ordering.15–17 The magnetic order suggests
that other spin interactions apart from the Kitaev term
must play a role, and thus the Kitaev-Heisenberg (KH)
model was proposed to explain the reported zig-zag mag-
netic ordering.18–21
A generic nearest neighbour spin model on an ideal hon-
eycomb lattice derived by Rau et al22 found a bond de-
pendent symmetric off-diagonal Γ-term and a complete
Kitaev-Γ-Heisenberg (KΓH) model was obtained. Roughly,
Γ ∝ JHtdtoU2 , while K ∝ JHt
2
o
U2 and J ∝ t
′2
d
U , where JH ,
td/t
′
d, to and U are the Hund’s coupling, effective direct-
, indirect-hopping integrals, and Hubbard interaction, re-
spectively. When there are only indirect hoppings, it re-
duces to the Kitaev model. The presence of the Γ interac-
tion was confirmed by ab initio23, and quantum molec-
ular calculations24. Since the spin interactions in gen-
eral depend on hopping parameters, spin-orbit coupling,
and microscopic Coulomb interactions, their strengths vary
among different materials.25,26 Ab initio studies and quan-
tum molecular calculations on 3D iridates27–29 reported dif-
ferent values, and both K and Γ are negative and dominate
over the Heisenberg term.28,29
The classical KΓH model was studied for 3D systems
in Ref. 30 and several ordered phases were found. Among
them, the SPa− phase has the same symmetry as the ex-
perimentally observed magnetic ordering pattern, as deter-
mined by neutron scattering.15 This phase occurs when K
and Γ are negative with a small positive Heisenberg inter-
action. It is worthwhile to note that the Kitaev-Γ (KΓ)
model has a hidden SU(2) symmetry via a 6-site transfor-
mation when K = Γ in the 2D honeycomb lattice model.
This point in phase space corresponds to the ordered phase
denoted as the 120◦ state22 or vortex state31. Another clas-
sical spin model study found two different phases near the
same parameter space depending on the relative strength
of K and Γ .32
Identifying spin liquids and nearby phases in quantum
spin models in 3D is a challenging task. Exact diagonal-
ization (ED) is difficult to perform due to the large Hilbert
space. However, if there is an exactly solvable point in
the KΓ model, one may limit the parameter space around
the solvable point and search for possible ordered phases
and spin liquids nearby. The symmetric point suggests a
natural way to construct a suitable ED cluster, as it may
involve a finite number of sites similar to the 4- or 6-site
transformation found in the 2D honeycomb lattice.31
Here we study a 3D KΓH model using ED method. We
first search for an exactly solvable point in the 3D hyper-
honeycomb lattice. We derive a Heisenberg model with a
hidden SU(2) symmetry through a 12-site transformation
when K = Γ. While our main focus is on the hyperhoney-
comb, it can be generalized to other lattices with the same
local geometry, i.e. three (X, Y , and Z) bond-dependent
interactions. Then we perform 24- and 30-site ED calcu-
lations on the KΓH model in the regime where K ∼ Γ on
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2the hyperhoneycomb lattice.
In particular, when K and Γ are negative, the corre-
sponding phase has the same symmetry as the counter-
rotating spiral order observed in β-Li2IrO3, provided that
the moment is pinned along a certain direction. While
the ordering wavevector Q = (2/3, 0, 0) at the SU(2) point
is commensurate, the wavevector itself may shift when
Heisenberg interactions are added without losing the sym-
metry of the counter-rotating spiral, i.e. a feature of the
underlying spin frustration. This ordered phase occupies a
wide parameter space which includes the SU(2) point, and
the direction of moment depends on perturbations away
from the SU(2) point. The moment direction found in
neutron scattering15 is chosen when a positive Heisenberg
interaction is added, and there are six equivalent moment
directions related by C3 rotation around the (−1, 1, 1) axis.
We also present the evolution of this phase from the 1D
(chain) to the 3D limit. Another type of spiral ordered
phase and the Kitaev liquid phases all exist in the 1D and
persist into the 3D limit, and a new phase emerges only
when chains are coupled via the Z-bond.
Below in Sec. II we will first show the hidden SU(2) sym-
metry of the KΓ model using a 12-site transformation and
the corresponding counter-rotating spiral ordering pattern.
In Sec. III, we present 24-site ED results and examine the
magnetic moment directions when the system is perturbed
away from the SU(2) point, such as by adding a Heisen-
berg interaction. In Sec. IV, we take a limit of the 1D KΓ
model where an additional hidden SU(2) symmetry occurs
via a 6-site transformation along the chain, and discuss the
connection between the1D and 3D limits by increasing the
interchain coupling. In the last section we summarize our
findings and discuss how to approach spin liquids close by
these ordered phases.
II. SU(2) HIDDEN SYMMETRY: 12-SITE
TRANSFORMATION
The hyperhoneycomb β−Li2IrO3, whose conventional
unit cell is shown in Fig. 1, can be viewed as the 3D gen-
eralization to the familiar 2D honeycomb structure. The
iridium sites form a tri-coordinated lattice with three bond
types labeled by X, Y and Z, similar to the 2D honeycomb
lattice .22 The different color sites (yellow and blue) which
form chains in Fig. 1 denote the sign convention of the
spin interactions on the X- and Y -bonds, where different
colored chains are connected by the Z-bonds.
A combination of crystal field spitting due to the octa-
hedral cages and a strong spin-orbit coupling leads to a
pseudospin Jeff = 1/2 as the relevant spin degree of free-
dom in iridium oxides.33,34 Furthermore, the edges of the
octahedral cages are shared between two Ir atoms which re-
sults in dominant bond-dependent interactions in the large
Hubbard U limit.
Minimal spin model
The minimal nearest neighbor KΓH model as discussed
above is written as22,30:
H =
∑
〈ij〉∈γ−bond
[JSi ·Sj +KSγi Sγj + σijγ Γ(Sαi Sβj + Sβi Sαj )],
(1)
where i, j are summing over first nearest neighbours,
γ = x, y, z denotes the spin component along the γ-bond
and α, β are the remaining spin components. Due to the
rotation of octahedra the Γ terms on X- and Y -bond have
a sign change indicated by σijx/y = ±1, while for the Z-
bond, σijz = +1 as shown in Fig. 1. The space group
Fddd describing the hyperhoneycomb lattice allows for a
different length of the Z-bond from the X- and Y -bonds,
as well as slight distortions of the oxygen octahedra lead-
ing to anisotropic strengths between the bond interactions.
Here we will focus on the ideal case with the same bond in-
teraction strength among X-, Y- and Z-bonds, and discuss
the effects of anisotropy later in the discussion section.
Figure 1. Two conventional unit cells of the ideal hyperhon-
eycomb structure are shown. The lattice vectors ~a,~b,~c for the
conventional unit cell, and (x, y, z) are depicted by arrows in
the left corner where ~a = (−2, 2, 0), ~b = (0, 0, 4), ~c = (6, 6, 0)
in the global coordinates (x, y, z). The positions of the 16 irid-
ium (blue and yellow) atoms in the unit cell can be generated
from the Fddd space group starting with one iridium atom at
(1/8, 1/8, 17/24) in fractional coordinates. Iridium atoms are
located at the center of edge sharing oxygen (white) octahedral
cages. The three types of nearest neighbor bonds X, Y , Z are
indicated on the left and the altering sign carried by the σijγ
symbol, is indicated by ±X and ±Y bonds. The 24-site sublat-
tices are labeled by a combination of 1, .., 6 and a, b. The spin
directions in the counter-rotating spiral at the hidden antifer-
romagnetic SU(2) point are indicated by red arrows. See the
main text for details.
12-site transformation T12 in the hyperhoneycomb
Previous studies on hidden symmetry via different sets
of sublattice transformations on the 2D honeycomb lattice
3uncovered the zig-zag, stripy, and 120◦ (vortex) ordered
states, in addition to the conventional antiferromagnetic
(AF) and ferromagnetic states in the KΓH Hamiltonian.31
On the hyperhoneycomb lattice, a 12-site transformation
leads to interesting SU(2) symmetric points in the KΓ
model. This transformation, dubbed the T12 transforma-
tion, is given by,
T a6 (2)
sublattice 1a: (Sx, Sy, Sz) → ( S˜x, S˜y, S˜z),
sublattice 2a: (Sx, Sy, Sz) → ( S˜z,−S˜y, S˜x),
sublattice 3a: (Sx, Sy, Sz) → (−S˜z,−S˜x, S˜y),
sublattice 4a: (Sx, Sy, Sz) → ( S˜y, S˜x,−S˜z),
sublattice 5a: (Sx, Sy, Sz) → (−S˜y, S˜z,−S˜x),
sublattice 6a: (Sx, Sy, Sz) → (−S˜x,−S˜z,−S˜y).
T b6 (3)
sublattice 1b: (Sx, Sy, Sz) → (−S˜y,−S˜x,−S˜z),
sublattice 2b: (Sx, Sy, Sz) → ( S˜y,−S˜z,−S˜x),
sublattice 3b: (Sx, Sy, Sz) → ( S˜x, S˜z,−S˜y),
sublattice 4b: (Sx, Sy, Sz) → (−S˜x,−S˜y, S˜z),
sublattice 5b: (Sx, Sy, Sz) → (−S˜z, S˜y, S˜x),
sublattice 6b: (Sx, Sy, Sz) → ( S˜z, S˜x, S˜y).
T12 can be considered as two 6-site transformations de-
noted by T a6 and T b6 . As shown in Fig. 1, blue and yellow
chains refer to the a- and b-subset respectively. The Z-
bonds connect the two chains by sites of the same number-
ing of the a- and b-subset, i.e., na and nb where n = 1, ..., 6.
Here (x, y, z) refers to the global axis shown in Fig. 1.
A pair of two T12 transformations then makes a 24-site
sublattice: alternating T a6 and T b6 along the ~c-direction,
i.e., xˆ + yˆ direction in (x, y, z) coordinates. For the KΓ
model, this 12-site transformation reveals a hidden SU(2)
symmetry when K = Γ, where the spin model takes the
Heisenberg interaction form in the transformed basis, i.e.,
H → H˜ = J˜ ∑〈ij〉 S˜i · S˜j with J˜ = −K. For positive
K and Γ, it maps to the FM Heisenberg model, while for
negative K and Γ it maps to the AF Heisenberg model. In
the next subsection, we show the corresponding spin order-
ing for the negative K and Γ case, after we transform the
AF ordering in the transformed basis back into the original
basis.
counter-rotating spiral order: signature of SU(2)
symmetry in 3D β − Li2IrO3
As mentioned above, the SU(2) Heisenberg Hamilto-
nian is found when K = Γ in the T12 transformed ba-
sis; H˜ = J˜
∑
〈ij〉 S˜i · S˜j with J˜ = −K. For negative K
and Γ, this leads to AF ordering, which corresponds to the
counter-rotating spiral ordering in the original basis as we
now show.
It is straightforward to check that the T a6 transformation
on the sublattice {1a, 2a, 3a ,4a ,5a ,6a} can be represented
by the corresponding set of rotations {E, C2, C23 , C3C2, C3,
C23C2} where C3 is a 2pi/3 rotation about the (−1, 1, 1)-
axis and C2 is a pi rotation about the (1, 0, 1)-axis. These
axes are depicted by black arrows on the blue plane in Fig.
2. Similarly, the T b6 transformation on the sublattice {1b,
2b, 3b ,4b ,5b ,6b} can be presented by a different set of
rotations {C ′2, C ′2C2, C ′2C23 , C ′2C3C2, C ′2C3, C ′2C23C2} =
C ′2 × T a6 where C ′2 is pi rotation around the (−1, 1, 0)-axis.
Note that the sublattice {1a, 3a ,5a} follows C3 rota-
tions while the sublattice {2a, 4a, 6a} follows C3 rotations
in the opposite order, creating a counter-rotating ordering
pattern. Furthermore, the C2 rotation (1, 0, 1)-axis is per-
pendicular to the C3 rotation (−1, 1, 1)-axis, and thus all 6
moments lie inside one plane named A as shown with a blue
plane in Fig. 2. This generates a counter-rotating spiral
order with wavevector q = 2pi/3 along the chain direction
made of the subset-a.
A similar analysis for T b6 with the sublattice {1b, 2b,
3b ,4b ,5b ,6b} transformation could be made. It is the
same as T a6 but with an additional pi rotation around the
(−1, 1, 0)-axis denoted by C ′2. First it contains the opposite
orderings of C3 rotations within the 6 sites, like in the T a6
transformation, and thus it possesses the counter-rotating
pattern. However, due to the additional C ′2 rotation around
the (−1, 1, 0)-axis that is applied to all 6 sites, the spiral
ordering moments lie in a different plane named B, colored
as a yellow plane in Fig. 2. Note that the blue and yellow
planes make an angle of Φ = arccos(1/3) ' 70.53◦ as shown
in Fig. 2. This is remarkably close to the angle obtained
in neutron scattering analysis.
Given that the transformation maps into an AF Heisen-
berg model, one then applies a bipartite sign factor (−1)n
on all sites to generate the entire magnetic pattern, where
n = even for sites 1a/b, 3a/b, 5a/b, and n = odd for sites
2a/b, 4a/b, 6a/b.
Figure 2. Pictorial representation of the T12 transformation
carried out on all 12-sites. The planes where spin moments
rotate are indicated by blue (A) and yellow (B) filled circles.
Rotation axes are indicated by black arrows, and the set of
red arrows represents an example of moment directions at the
exactly solvable SU(2) point.
Depending on the magnetic ordering moment direction,
this generates several different counter-rotating spiral or-
derings. The spiral ordering shown by red arrows in Fig. 1
occurs when the moment of 1a is pinned along the (1, 1, 0)-
direction, which is similar to the experimental observed
4ordering pattern except for small deviations from the com-
mensurate ordering wave vector.
Below we focus on the parameter space nearby the hid-
den symmetric point of the KΓ model, and perform ED on
a 24-site cluster to determine nearby phases. We also show
how the magnetic moment direction is pinned when we go
slightly away from the SU(2) point.
III. PHASE DIAGRAM AND MOMENT
DIRECTION
The hidden AF SU(2) point has a central role in under-
standing the counter-rotating spiral, therefore we explore
the parameter space around this point by using ED on the
reduced KΓ model of Eq. (1). Our calculations are per-
formed on the cluster shown in Fig. 3, which is a minimal
cluster that captures the T12 transformation.
Figure 3. N = 24 site cluster used for ED. The blue and yellow
colors represent chains where the T a6 and T b6 are applied respec-
tively. The label na/b with n = 1, ..., 6 indicates the transforma-
tion at each site. Periodic boundary condition (PBC) along the
chains is imposed by connecting the same colour and style of the
bonds. For different colour chains, it is imposed by connecting
sites between na and nb via the Z-bond with the same type black
lines. This boundary condition respects the T12 transformation.
For the open boundary condition (OBC) discussed in the main
text, half the Z-bonds are lost, denoted as black lines along the
cˆ-direction. The lighter and darker coloring of both yellow and
blue chains indicate the staggering moment convention used in
S˜2
stg,T 6 discussed in Sec. IV.
Phase diagram
We normalize the exchange strengths by K = − sinφ
and Γ = cosφ where φ ∈ [pi/2, 3pi/2]. Phase transitions
are identified by singular behavior in the second deriva-
tive of the ground state energy density −∂2φuGS , where
uGS = EGS/N . Four phases are identified in the region
of parameter space following −K → −Γ → K, as pre-
sented in Fig. 4. Our results are insensitive to the choice
of boundary condition as can be seen for periodic (PBC)
and open boundary conditions (OBC) in Fig. 4(a) and (b)
respectively.
The Kitaev points −K and K exhibit the Kitaev spin
liquid state as found in Refs. 35–38. While the −K point
is immediately unstable upon turning on Γ interaction, the
+K spin liquid, denoted by K, occupies a small area of
the parameter space. The counter-rotating spiral phase,
denoted by S, includes a hidden AF SU(2) point and is ex-
tended from the −K limit to slightly beyond the −Γ limit.
Along −Γ → K, two phases S′ and S′′ appear in addition
to the Kitaev spin liquid. The S′ phase is magnetically
ordered as we discuss in the following section, while the
nature of S′′ is difficult to pin down. To understand the
S′′ phase, we take the chain limit (1D) and study how the
phases evolve as the strength of the Z-bond increases in
Sec. IV. Before that, let us understand how the spin mo-
ment direction is pinned away from the SU(2) point.
24 site PBC 24 site OBC
Figure 4. Phase diagram obtained by ED on the 24-sites cluster
shown in Fig. 3 with (a) PBC and (b) OBC. There are four
phases identified. K refers to the exactly solvable Kitaev spin
liquid which is found in the +K region. The S phase is the
counter-rotating spiral ordered state, which includes the hid-
den SU(2) point. The S′ phase is another magnetically ordered
phase and the nature of the S′′ phase is discussed in the main
text. K refers to the Kitaev spin liquid phase.
Pinning of magnetic moment direction
The 12-site transformation naturally gives rise to a
counter-rotating spiral, however, the precise ordering pat-
tern depends on the magnetic moment direction on sites
1a,b. Neutron scattering data found that the spiral is con-
sistent with a moment pinned along the (1, 1, 0) direction,
as depicted by the red arrows on sites 1a,b in Fig. 2. In
this section, we determine the preferred moment direction
using ED and discuss the importance of a finite Heisenberg
interaction.
To this end, we follow the method used in Ref. 39 and
construct a spin-coherent product state to form the desired
magnetic pattern on the cluster. This state is then used as
an ansatz for the ground state wavefunction. In general,
for a cluster of N sites labeled by j, this ansatz is param-
5eterized by 2N parameters (θj , φj) and takes the form
|Ψansatz(θj , φj)〉 =
∏
j
e−iφjS
z
j e−iθjS
y
j |↑〉j , (4)
where there is a spin- 12 coherent state on each site, de-
scribed by rotations θj and φj about the y- and z-axes
respectively. It requires a huge parameter space, however,
in practice one can reduce the set of 2N parameters if the
form of the ground state is known a priori. For example, an
ferromagnetic ordering state needs only two parameters θ
and φ since all the spins on all sites are aligned in the same
direction. With this ansatz, one can compute the probabil-
ity P = |〈Ψansatz|GS〉|2 by varying θ and φ, where |GS〉 is
obtained by ED. The moment direction is then determined
by the values (θ, φ) which maximize P .39
In the same spirit, we can build a wavefunction ansatz
at the hidden AF SU(2) point of the KΓ model on the hy-
perhoneycomb when K = Γ with negative K and Γ. In the
transformed basis, we only need two parameters (θ, φ) to
describe an AF ansatz. We then transform back into the
original basis via the T12 transformation, thereby generat-
ing a counter-rotating spiral ansatz. Specifically, the AF
ansatz in the transformed basis takes the form
|Ψ˜(θ, φ)〉 =
∏
j∈evens
e−iφS
z
j e−iθS
y
j |↑˜〉je−iφSzj+1e−iθS
y
j+1 |↓˜〉j+1,
(5)
where up and down spins are on even and odd sublattices
respectively. Transforming back into the original basis we
determine the counter-rotating spiral ansatz,
UT12 =
N−1∏
i=0
e−iωT12(i)~nT12(i)·~S (6)
|Ψansatz(θ, φ)〉 = UT12 |Ψ˜(θ, φ)〉. (7)
As expected, we find that all (θ, φ) are equally probable
at the hidden SU(2) point, indicating no preferred moment
direction as shown in Fig. 5 (a). On the other hand, as
one moves away from the SU(2) point, i.e., |Γ| > |K|, the
probability is maximized along the cubic axes, as shown by
the representative green arrow in Fig. 5 (b) for the (1,0,0)
direction. Interestingly, a finite positive Heisenberg term is
necessary to pin the direction of the moment along (1, 1, 0)
as shown in Fig. 5 (c). When a small J > 0 is introduced
at the SU(2) point, P (θ, φ) forms a ring-like shape normal
to the (−1, 1, 1) axis. This result is similar to a previous
study, where it was shown that the classical ground state
solution in this parameter regime exhibits an accidental
U(1) symmetry.32 In the present quantum calculation, we
find that quantum fluctuations lift this accidental classical
degeneracy and selects six equivalent moment directions
connected by C3 rotations about the (−1, 1, 1) axis. Fig.
5(c) shows that the higher probability regions (in red) as-
sociated with these moment directions lie on the ring, with
the green arrow pointing in the (1, 1, 0) direction.
IV. EFFECTS OF INTERCHAIN COUPLING:
EVOLUTION FROM 1D TO 3D
As previously stated, in addition to the S phase, which
encompasses a large region of phase space in the KΓ model,
(a) (b) (c)
Figure 5. Probability maps of P . (a) At the hidden SU(2)
point −K = −Γ, no direction is preferred and the probability
is equal for every moment direction. (b) Perturbing away from
the hidden SU(2) point with |Γ| > |K|, these bond dependent
terms favor the cubic axis for the moment direction, indicated by
green arrow for the (1,0,0) direction. (c) Perturbing away from
the hidden SU(2) point by J > 0, the quantum fluctuations
induced by J lifts the accidental classical U(1) degeneracy into
six directions related by C3: (1,1,0) (green arrow), (0,1,-1), (-
1,0,-1), (-1,-1,0), (0,-1,1), (1,0,1).
we have found the two Kitaev spin liquid phases at ±K and
have also found two magnetically ordered phases S′ and S′′.
To gain more insight into the hyperhoneycomb phase dia-
gram, we will investigate the remnants of these phases in
the decoupled 1D chain limit, and gradually couple them
until the 3D hyperhoneycomb structure is recovered. To
this end, we have performed ED on the cluster in Fig. 3
with varying strengths of the Z-bond that connect the yel-
low and blue species of 1D chains. We parameterize the
Z-bonds (leaving X- and Y -bonds the same as before) by
Kz = −xK = −x sinφ and Γz = xΓ = x cosφ, where
x ∈ [0, 1] is the interchain coupling parameter with x = 0
and x = 1 being the 1D and 3D limits, respectively.
The x = 0 limit was studied with ED on chains of up
to N = 30 sites and phase boundaries were determined
by identifying singularities in −∂2φuGS . Our results are
shown in Fig. 6(a) when Γ < 0. Remarkably, the decoupled
chain phase diagram when Γ < 0 is very similar to the 3D
limit. We find four phases in total, two near the ±K limits
and the 1D analogue of the S and S′ phases, on which we
elaborate below.
The ±K limits, corresponding to the 1D Kitaev spin
chain, have been studied previously in Ref. 40. In these
limits, the model can be solved exactly by Jordan-Wigner
transformation, and the resulting quasiparticle excitations
are Majorana fermions with a gapless dispersion. Here we
find that the ferromagnetic Kitaev limit is immediately un-
stable upon perturbation by any finite Γ; while by contrast,
the antiferromagnetic Kitaev limit is stable for sufficiently
small Γ. This behavior in 1D is in agreement with our
results in the 3D limit near the Kitaev limits.
To understand the S and S′ phases in the 1D limit, we
make use of two different types of sublattice transforma-
tions which reveal four points of hidden SU(2) symmetry
in 1D. As alluded to previously, the 6-site transformations
T a6 and T b6 defined in section II can be applied to each
decoupled chain to yield two points of hidden SU(2) sym-
metry when ±K = ±Γ. For the negative case of these is
in the 1D S phase and corresponds to the AF Heisenberg
limit, where the ground state is quasi-long-range-ordered
6owing to the low dimensionality. Special to 1D, we may
further define an additional set of 6-site transformations
T a,b6 by,
T a6 (8)
sublattice 1a: (Sx, Sy, Sz) → ( S˜x, S˜y, S˜z),
sublattice 2a: (Sx, Sy, Sz) → (−S˜z,−S˜y,−S˜x),
sublattice 3a: (Sx, Sy, Sz) → ( S˜z,−S˜x,−S˜y),
sublattice 4a: (Sx, Sy, Sz) → ( S˜y, S˜x,−S˜z),
sublattice 5a: (Sx, Sy, Sz) → (−S˜y,−S˜z, S˜x),
sublattice 6a: (Sx, Sy, Sz) → (−S˜x, S˜z, S˜y).
T b6 (9)
sublattice 1b: (Sx, Sy, Sz) → ( S˜y, S˜x,−S˜z),
sublattice 2b: (Sx, Sy, Sz) → (−S˜y, S˜z,−S˜x),
sublattice 3b: (Sx, Sy, Sz) → (−S˜x,−S˜z,−S˜y),
sublattice 4b: (Sx, Sy, Sz) → ( S˜x, S˜y, S˜z),
sublattice 5b: (Sx, Sy, Sz) → ( S˜z,−S˜y, S˜x),
sublattice 6b: (Sx, Sy, Sz) → (−S˜z,−S˜x, S˜y).
As a consequence of these transformations, the KΓ
model on the chain is mapped to H¯ =
∑
〈i,j〉 J S˜i · S˜j with
J = Γ when ±Γ = ∓K. For the same reasons as with T a,b6 ,
the different subsets of a- and b-type chains are due to the
sign convention of X and Y bonds as shown in Fig. 1, and
one must apply the appropriate T 6 for each chain. Thus
we have found that the S′ phase in 1D is ordered due to
the point of hidden FM SU(2) symmetry when −Γ = K,
with K > 0. It has no net magnetization, but possesses a
finite sublattice magnetization.
To understand how the S and S′ phases evolve from 1D
to 3D, we compute the expectation values of the squared
total spin in the transformed basis for each of the phases S
and S′, denoted by 〈S˜2stg,T12〉 and 〈S˜2tot,T 6〉 respectively. In
the calculation of squared total spin for the case of the S
phase, we further take care to introduce a relative staggered
sign (−1)i between the two sublattices of the 1D chain in
order to capture the AF nature of the phase owing to the
hidden AF SU(2) point. We plot 〈S˜2stg,T12〉 (red line) and
〈S˜2
tot,T 6〉 (blue line) in Fig. 6(a) and have normalized to
the maximum total value expected for a FM, i.e. N2 (
N
2 +
1). We find that S and S′ are well differentiated by these
order parameters and that the S′ phase saturates the order
parameter when K = −Γ, as expected due to the hidden
FM nature of the phase. Accordingly, the S phase is also
well described, however the staggered squared total spin
does not saturate the order parameter because of the strong
AF quantum fluctuations in 1D.
When the interchain coupling is turned on, i.e., x 6= 0,
the T12 transformations maps the KΓ model to the AF
Heisenberg model when K = Γ with K and Γ < 0, as
denoted by a black dot in Fig. 6. As a result the S phase
is present from the 1D limit with x = 0 up to the 3D
(a) x = 0.0 (b) x = 0.2
(c) x = 0.5 (d) x = 1.0
Figure 6. Order parameters 〈S˜2stg,T12〉 (red), 〈S˜2tot,T 6〉 (blue),
and 〈S˜2
stg,T 6〉 (green) for four values of interchain coupling x are
shown. The dark solid line is the second derivative of ground
state energy with respect to φ to represent the phase transitions.
The hidden AFM SU(2) point from T12 transformation is shown
as a filled circle in (a)-(d), and the hidden FM SU(2) point from
T 6 as an empty circle in the 1D limit where x = 0.
limit with x = 1. On the other hand, when x 6= 0 the T 6
transformations no longer maps to the Heisenberg model
because the transformations do not satisfy the Z-bonds
except on sites 1a,b and 4a,b. Despite that, the S′ phase
survives for all x 6= 0, as shown in Fig. 6(b)-(d), even
though the phase space becomes narrower. Due to the
frustration of Z-bonds, a new phase S′′, between the S′
and the AF Kitaev spin liquid phases appears.
In the S′′ phase, since the a- and b-subset chains in-
dependently possess the hidden FM SU(2) symmetry, the
X- and Y -bond interactions try to maximize FM ordering
in the transformed basis, when the Z-bond interaction is
small, i.e., x  1. Thus we investigate the tendency of
FM ordering in T 6 basis along the chains. To avoid the
frustration of Z-bond, it is likely that spins on different
chains may orient in opposite directions such as AF order-
ing between chains. The AF ordering between chains is
denoted by the lighter and darker colouring of chains in
7Fig. 3. We compute the corresponding staggered squared
total spin 〈S˜2
stg,T 6〉. The green line referring to the order
parameter is plotted in Fig. 6(b)-(d), which captures the
nature of this ordered phase.
V. SUMMARY AND DISCUSSION
The distinct properties of the Kitaev spin liquid, an ex-
ample of topological order in which the electron’s spin- 12
fractionalizes into Majorana and Z2 flux excitations, sets
it apart from the more common magnetically ordered states
found in real materials. Indeed, the exotic nature of the Ki-
taev spin liquid has motivated the community to attempt to
realize the phase in numerous candidate materials from the
2D honeycomb materials A2IrO3 (A = Li, Ni) and α-RuCl3
to the 3D hyperhoneycomb materials β,γ-LiIrO3. Despite
this intensive search, all these materials magnetically order
and, in particular, an intriguing counter-rotating spiral is
found in the Li-based iridates. It is thus important in these
materials to understand the role of the competing interac-
tions in the minimal nearest neighbor KΓH with potentially
further neighbor interactions.
In this work, we have focused on the counter-rotating
noncoplanar spiral order in 3D Iridates. Previous studies
pertaining to β-Li2IrO3 have analyzed the classical KΓH
spin model and determined, based on the symmetry of the
classical ground state, that the experimentally observed
magnetic order could be in a region of parameter space
in which −Γ ∼ −K, with J > 0. However, there is still
little insight into the preferred local moment direction in
β-Li2IrO3 and moroever, these studies do not give a fully
quantum mechanical treatment of the model owing to its
inherent difficulty in a 3D system such as this. Here we
present a 12-site transformation gives an exactly solvable
point of hidden AF SU(2) symmetry when −K = −Γ. Us-
ing this as our guide, we have been able to construct the
minimal cluster necessary to use in ED to understand the
counter-rotating spiral phase as well as nearby phases.
In addition to the Kitaev spin liquid phases, three mag-
netically ordered phases S, S′ and S′′ are found. Apart
from the S′′ phase, each of these phases has a 1D analogue
if we tune the hyperhoneycomb structure to the limit of
decoupled chains. The S phase is a counter-rotating spiral
ordered state, which is a direct consequence of the T12 sub-
lattice transformation. Furthermore at −K = −Γ, a small
J > 0 is added and the local moment is pinned to in the
(1,1,0) direction or its symmetry equivalents. These results
are consistent with the neutron scattering experiments on
β-Li2IrO3. The nearby S
′ and S′′ phases are also interest-
ing. We see that the S′ phase is a spiral whose pattern is
determined by another set of 6-site transformations T a,b6 ,
which give rise to two new points of hidden SU(2) symme-
try when ±Γ = ∓K in the decoupled chain limit. However
the mappings of Heisenberg model by T a,b6 transformations
work only for the chains separately, and the Z-bonds are
frustrated when the chains are coupled As a result of Z-
bond frustration, another ordered phase S′′, distinct from
S and S′ emerges between S′ and Kitaev spin liquid phase.
However, the phase transition between S′′ and the spin liq-
uid phase is rather unclear which may be related to a finite
size of the system and choice of clusters. Note that the
24-site ED with OBC in Fig. 4 (b) shows a clearer signa-
ture of phase transition than that of PBC in (a). It will
be interesting to study the effects of anisotropy by cutting
Z-bonds in both S′′ and the KSL phases in the 3D system,
which may change the transition between the two, similar
to a recent study from the positive Γ to a negative Kitaev
point in 2D honeycomb lattice.41
The mapping to the Heisenberg model by T12 sublat-
tice transformation is exact at ±K = ±Γ without J . The
corresponding ordered S phase indeed captures the spiral
ordering, but how the S phase becomes incommensurate
in the presence of J is not clear, due to the finite size of
the cluster although this problem plagues all finite size ED
calculations. On the other hand, previous classical stud-
ies have shown that the S spiral phase, when consider-
ing only negative K and Γ terms, has a constant order-
ing vector of (2/3, 0, 0) and a finite J is enough to induce
incommensuration.37 Second nearest neighbor Heisemberg
J2 term has also been found to cause incommensuration.
42
A quantum investigation of these phenomenon would be an
also interesting topic for future study.
Our study suggests that β-Li2IrO3 is likely within the
magnetically ordered S phase. To push the system into a
spin liquid state, one would have to shift towards the rel-
atively stable +K point and applying hydrostatic pressure
could be a way to achieve this. Pressure measurements on
the 3D iridates indicate that the magnetic ordering disap-
pears in the intermediate pressure range, while the struc-
ture transition occurs at a higher pressure.43–45 This im-
plies a new ground state is achieved by applying hydrostatic
pressures, and further experimental and theoretical studies
to understand the intermediate phase are required. Inter-
estingly, ab initio pressure studies have shown that the Ki-
taev term can become positive while Γ remains negative.29
However, the interaction anisotropy is also enhanced un-
der pressure, and thus one needs to investigate its effects
on both ordered and spin liquid states as discussed above.
Uniaxial stress may be another way to effectively tune the
microscopic interactions in the laboratory setting, which
remains a challenging task.
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